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LOWER BOUND CLUSTER ALGEBRAS: 
PRESENTATIONS, COHEN-MACAULAYNESS, AND NORMALITY 

GREG MULLER, JENNA RAJGHGOT, AND BRADLEY ZYKOSKI 


Abstract. We give an explicit presentation for each lower bound cluster algebra. Using this presentation, 
we show that each lower bound algebra Grobner degenerates to the Stanley-Reisner scheme of a vertex- 
decomposable ball or sphere, and is thus Cohen-Macaulay. Finally, we use Stanley-Reisner combinatorics 
and a result of Knutson-Lam-Speyer to show that all lower bound algebras are normal. 


1. Introduction and statement of results 

Cluster algebras are a family of combinatorially-defined commutative algebras which were introduced by 
Fomin and Zelevinsky at the turn of the millennium to axiomatize and generalize patterns appearing in 
the study of dual canonical bases in Lie theory |FZ02) . Since their introduction, cluster algebras have been 
discovered in the rings of functions on many important spaces, such as semisimple Lie groups, Grassmannians, 
flag varieties, and Teichmiiller spaces [BFZOSi TScoOfli [GLS081 IGSV05| P1 

In each of these examples, the cluster algebra is realized as the coordinate ring of a smooth variety. This 
makes it all the more surprising that the varieties associated to general cluster algebras can be singular; 
in fact, they can possess such nightmarish pathologies as a non-Noetherian singularity |Mull3) . Various 
approaches have been introduced to mitigate this. 

• Restricting to a subclass of cluster algebras with potentially better behavior: acyclic cluster algebras 
IBFZ05I , locally acyclic cluster algebras IMull31 IBMRS15] , or cluster algebras with a maximal green 
sequence |BDP14[IMIIIT5] . 

• Replacing the cluster algebra by a closely-related algebra with potentially better behavior: upper 
cluster algebras |BFZ051 IBMRS15] , the span of convergent theta functions |GHKK1^ , or lower 
bound algebras [BFZ05| . 

In this note, we study the algebraic and geometric behavior of lower bound algebras^ 

1.1. Lower bound algebras. Lower bound algebras were introduced in [BFZOSj as a kind of ‘lazy approx¬ 
imation’ of a cluster algebra, in the following sense. A cluster algebra is defined to be the subalgebra of a 
held of rational functions generated by a (usually infinite) set of cluster variables, produced by a recursive 
procedure called mutation. A lower bound algebra is defined to be the subalgebra generated by truncating 
this process at a specific finite set of steps. The resulting algebra is contained in the associated cluster 
algebra and is manifestly finitely generated. 

A lower bound algebra is constructed from an ice quiver Q: this is a quiver (i.e. a finite directed graph) 
without loops or directed 2-cycles, in which each vertex is designated unfrozen or frozen. As a matter of 
convenience, we assume the vertices of Q have been indexed by the numbers {1, 2, ...,n}. To each unfrozen 
vertex i, we associate a pair of monomials pf,p~ G ’Ij[xi,X 2 , ■■■,Xn\ as follows. 

(Id) Pj — ^target(a)5 Pi — ^source(a) 

arrows a^Q arrows a£Q 

source(a)=z target(a )=2 
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more interesting and morally correct statement is that each of these spaces possesses a stratification such that each 
stratum naturally has a cluster algebra in its ring of functions. 

^More specifically, we consider lower bound algebras defined by a quiver in the body of the paper, and consider the more 
general context of geometric type in Appendix [B] 
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Each vertex then determines a Laurent polynomial a;', called the adjacent cluster variable at i, which is 
defined by the following formula0 


( 1 . 2 ) 


.v-l 


if i is unfrozen 
if i is frozen 


The lower bound algebra C{Q) defined by Q is the subalgebra of generated by the variables 

xi,X 2 , ■■■,Xn and the adjacent cluster variables x'i,X 2 , ■■■,x'^. 



Figure 1 . An ice quiver (the unique frozen vertex is depicted as a square) 


Example 1.3. Consider the ice quiver Q in Figure [T] The four adjacent cluster variables are below. 


Xi = 


xl 


+ 1 


Xi 


Xn = 


X 3 X 4 + xf 
X 2 


Xo = 


I + X 2 
X 3 


X4 = - 

X4 


1.2. Relations in £(Q). We first consider the problem of finding relations among the generators of -C(Q). 
Each adjacent cluster variable satisfies a defining relation immediately from its definition. 

(1.4) V* unfrozen, x'^Xi = {pf +p~) 

(1.5) Vi frozen, x[xi = 1 

A more interesting class of relations is given by the following proposition. 


Proposition 1.6 (The cycle relations). For each directed cycle of unfrozen vertices ^ 112 —t •••—>■ Ufe —>■ 
Vk+i = vi in Q, the following cycle relation holds. 


(1.7) 


E (-1)'"' 

5n(5+i)=0 


n^) 

.ies ) 


n 

i^SU(5+l) / 




Xyi 


We note that the expressions on either side reduce to polynomials in the generators, despite the presence of 
fractions. Also note that choosing a different initial vertex vi in the same directed cycle does not change the 
corresponding cycle relation. 



Figure 2 . An ice quiver (no frozen vertices) 


Remark 1.8. A quiver Q is called acyclic if it has no directed cycles of unfrozen vertices. The unifying 
theme of this paper is the use of the cycle relations to generalize results about /1(Q) which were previously 
known only when Q is acyclic (that is, when there are no cycle relations). 

^This is an abuse of terminology. Technically speaking, a frozen vertex i should not have an adjacent cluster variable xt, 
and instead we should include x~^ as a generator (though this latter step is a matter of some debate). We are streamlining the 
process by calling the inverse x~^ ‘the adjacent cluster variable at i’. 


2 








Example 1.9. Let Q be the ice quiver in Figure [H The three adjacent cluster variables are 


X2 + X3 


X3 + Xi 


, Xi 
X-, = — 


X 2 


Xl X2 “ X3 

The defining relations here are obtained by clearing the denominators above. A non-trivial directed 3-cycle 
starting at any vertex determines the cycle relation 

x'\x'^x'3 — x{ — X2 — X3 = 2 

which may be verified by direct computation. 


1.3. A presentation of £(Q). We may ask whether there are other relations in £(Q) that are not an 
immediate consequence of the preceding relations; or more concretely, whether the defining relations and the 
cycle relations generate the entire ideal of relations among the generators. 

Explicitly, we consider the homomorphism of ring^ 

TT : Z[xi,X 2 , ...,Xn,yi,y 2 , ■•■2/n] -1 Zlxf\xf\ ■■■, 2 ;^^] 

Vi, 7r(xi) = Xi, ■K{yi) = a;' 

The image of this homomorphism is C{Q), and so Kq := ker(7r) is the ideal of relations among the 
generators of £(Q), where each adjacent cluster variable a;' has been replaced by the abstract variable yi. 
The homomorphism tt descends to an isomorphism 

Z[a;i,a:2,...,a:„,2/i,y2,---,2/n]/A:Q AA-. £(Q) 

We will say a directed cycle ^ U 2 —>•••■—>■ Ufe —>• Vk+i = vi is vertex-minimal if no vertex appears 
more than once and there is no directed cycle whose vertex set is a proper subset of {vi,V 2 ---,Vk}- 


Theorem 1.10. The ideal of relations Kq is generated by the following elements. 

• For each unfrozen vertex i, 

(1-11) y^Xi-pf-pf 

• For each frozen vertex i, 

(1.12) yiXi - 1 


For each vertex-minimal directed cycle of unfrozen vertices —>■ U 2 ^ 


Vk Vk+l = Vi, 


(1.13) 




sn(s+i )=0 


KiGS 


n 

li^SU(S-l-l) 


k + 

P 


k — 
Pv 


n?-n? 


which simplifies to a polynomial. 


The theorem is true without the vertex-minimal condition, which is used here to reduce the set of relations. 

Example 1.14. Let Q be the ice quiver in Figured By Theorem ll.lOl £(Q) is isomorphic to the quotient 
of Z[a;i,a: 2 ,a; 3 ,?/i, 2 / 2 , 2 / 3 ] by the ideal Kq generated by the following 4 relations. 

Kq = {yixi - X2- X3,y2X2 - X3 - xi,y3X3 - xi - X2,yiy2y3 - 2 /i - 2/2 - 2/3 - 2) 

1.4. A Grobner basis for Kq. We prove Theorem 11.101 bv means of a stronger result, that the given 
generators are a Grobner basis for the ideal of relations Kq. Recall that, given a polynomial ring with 
a monomial order <, a Grobner basis of an ideal / is a generating set {gi,g 2 , ■•;27fc} of I satisfying the 
additional condition that {in<(gi), in<(g 2 ), in<(<7fc)} is a generating set of in<(J). 

The monomial orders relevant to us are those in which the ?/-variables are much more expensive than the 
X-variables, that is x“y^ > x^y*^ whenever is larger than example of such a monomial order 

is the lexicographical order where the variables are ordered by 


2/1 > 2/2 > • ■ • > 2/n > 2^1 > 2:2 > • • • > x„ 


^The 2 ;-variables introduced here have no relation to the y-variables or coefficient variables introduced in |FZ07| . 
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Figure 3. The Stanley-Reisner complex for (xiyi, X2?/2, 2/12/22/3) 


Theorem 1.15. For any monomial order 0 /Z[xi, a; 2 ,a;„, 2 / 1 , 2 / 2 ) 2/n] in which all of the y-variables are 

much more expensive than all of the x-variables, the polynomials given in Theorem, \ 1.1 2/1 a,re a Grobner basis 
for Kq. Consequently, the initial ideal in^KQ is squarefree monomial ideal with generating set 

{xiPi I 1 < i < n} U {yviyv 2 ■ ■ ■ Pvk I —>• ^2 ^ I’fe —>■ Vk+i = vi is a vertex-minimal cycle in Q}. 

Remark 1.16. When Q is acyclic, Theorem 11.151 specializes to Corollary 1.17 in |BFZ05) . The proof of 
Theorem 11.151 given in Section [2.21 uses |BFZ051 Corollary 1.17] in an essential way, so our proof is not 
independent of the original result. 

1.5. Simplicial complexes and Cohen-Macaulayness of lower bound algebras. From here on, we 
work over a field K, and consider the K-algebra £(Q) (8)zIK. We will still refer to this algebra as a lower bound 
algebra and, though a slight abuse of notation, will simply denote it by T(Q). Similarly, we let Kq denote 
the associated lower bound ideal, so that it is the kernel of the map tt : ... ,Xn,yi ■ ■ ■, y-a] ^{0)- 

To a squarefree monomial ideal / C IK[zi,..., z„], one can associate a simplicial complex A on the vertex 
set {zi,..., Zn). This simplicial complex is called the Stanley-Reisner complex and is defined as follows: 
{zij,... is a face of A if and only if the monomial z^^ • • • Zi^ ^ I. Observe that the minimal non-faces 
of A are in one-to-one correspondence with a minimal generating set of I. For further information on 
Stanley-Reisner complexes, see the textbook [MS051 Chapter 1]. 

Whenever the Stanley-Reisner complex is a simplicial ball or a spherejl the corresponding face ring 
]K[zi,..., z„]// is a Cohen-Macaulay ring |Mun84] . Furthermore, when I = in<J for some ideal J C 
]K[zi,..., Zn], we may also conclude that J itself is Cohen-Macaulay (see eg. |BC03[ Proposition 3.1]). 

Example 1.17. We continue Example II. 141 and observe that the initial ideal m^Kq (for a term order < as 
in Theorem II. 151) is (xi/Zi, 0 : 22 / 2 ) 2 : 32 / 3 , 2 / 12 / 22 / 3 )- The facets (i.e. the maximal faces) of the associated Stanley- 
Reisner complex are precisely those {zi, Z 2 , Z 3 } where Zi is either Xi or 2/1 and at least one of zi, Z 2 , Z 3 is an 
Xi- This Stanley-Reisner complex is readily seen to be a simplicial ball, and is pictured in Figure |31 

This example generalizes, and we are able to conclude that all lower bound algebras are Cohen-Macaulay. 

Theorem 1.18. Let Q be a quiver with n vertices, let Kq C ]K[xi, ..., 2 / 1 , ■ • ■, 2/n] be its ideal of relations, 

and let < be any monomial order where the y-variables are much more expensive than the x-variables. Let 
Aq be the Stanley-Reisner complex of the squarefree monomial ideal incKq. 

(i) If Q is acyclic, then Aq is a simplicial sphere. 

(ii) If Q is not acyclic, then Aq is a simplicial ball. 

We show additional properties of Aq. If Q is acyclic, then Aq is the boundary of a cross-polytope. In both 
cases, Aq satisfies the stronger condition of vertex-decomposibility. Details are in Section [S] 

Corollary 1.19. For any Q the lower bound algebra C{Q) over a field IK is Cohen-Macaulay. 


*^More precisely, we mean the geometric realization of the simplicial complex is homeomorphic to a ball or sphere, respectively. 
Whenever we refer to a simplicial complex as a topological object, we more precisely mean its geometric realization. 
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Remarks 1.20. (i) We prove Theorem ll.lSI bv way of a more general result, which gives a larger class 

of simplicial complexes which are automatically vertex-decomposable balls (see Theorem 13.4|) . 

(ii) When Q is acyclic, i3(Q) was already known to be Cohen-Macaulay; specifically, |BFZ051 Corollary 
1.17] implies that £(Q) is a complete intersection, and, consequently, that it is Cohen-Macaulay. 

I. 6. Normality of lower bound algebras. Our last main result is the normality of the K-algebra /1(Q). 

Theorem 1.21. Every lower bound cluster algebra defined by a quiver is normal. 

Since C{Q) = K[xi,..., x„, yi,..., yn]lKQ is finitely-generated, Serre’s Criterion reduces normality to a pair 
of geometric conditions on the variety Y{Kq). 

• (Rl) The variety Y{Kq) has no codimension-1 singularities. 

• (S2) Any regular function on an open subset in Y{Kq) with codimension-2 complement extends to 
a regular function on all of Y{Kq). 

The Cohen-Macaulay property implies the S2 condition, and so normality of £(Q) reduces to proving there 
are no codimension-1 singularities. 

As with Cohen-Macaulayness, this geometric question will be reduced to Stanley-Reisner combinatorics, 
along with a result of Knutson-Lam-Speyer |KLS14l Proposition 8.1]. See Section]?] for further information. 

Remark 1.22. Like our other results. Theorem IL21I is only new in the case of non-acyclic Q. In the acyclic 
setting, £(Q) is equal to its upper cluster algebrg0, which is a normal domain by |Mull3l Prop. 2.1]. 

Structure of paper. Section [5] considers relations in £(Q) and proves the associated results: Proposition 

II. 61 Theorem II. 101 and Theorem 11.151 Section [3] introduces the relevant combinatorial tools, leading to the 
proof of Theorem 11.181 Section [?] addresses normality, proving Theorem 11.211 

The paper concludes with a pair of appendices which frame the scope of the paper. Appendix lAI considers 
the singularities of lower bound algebras directly, and provides an example to suggest this is a difficult 
problem. Appendix [B] explains how the results of the paper can be extended to skew-symmetrizable lower 
bound algebras, which are more general but also somewhat less intuitive. 

Acknowledgements. This paper is the result of a summer 2015 REU project at the University of Michigan. 
This project was supported by Karen Smith’s NSF grant DMS-1001764. We are also grateful to Sergey Fomin 
for numerous helpful comments on an early draft of this note. 

2. Presentations and Grobner Bases 

2.1. Choice graphs and cycle relations. To every cycle of Q there exists a corresponding relation in 
£(Q). Let Q have a directed cycle —>■ U 2 —)•••• —>■ Vk-i Vk —>■ ui. By giving an alternate presentation 
for the product 

k k 

(2-1) Yl^vi = Y[^vHpti +Pvj, 

1=1 1=1 

we acquire a nontrivial relation that holds in C{Q). It is our goal to expand the right-hand product as a sum, 
and from this. Proposition 11.61 will follow. Each term of the expansion of this product represents a choice, 
for each i, of either pf. or p~. from Therefore, to each term, we associate a directed graph 

with Z/fcZ as its vertex set and {{i,i ± l)}?=i as its set of arrows, where the sign of ± corresponds to the 
abovementioned choice of pf. (corresponding to the positive sign because divides p+J or p“ (negative 
sign, since divides pf ). Call these graphs the choice graphs of the terms of the expansion of (12. IL 

and let £ denote the set of all choice graphs. Formally, we write the correspondence between choice graphs 
and terms as a function 

k 

(2.2) M : C —^ {monomials in Z[xf \ M(g) = 

2=1 


®This was proven with an additional assumption in [BFZQ5I Thm. 1.18], and without said assumption in [Mull4j . 
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Figure 4 . The choice graph for (a: ^ Pi){x2 P3 )(a^4 Pi){x^ Pz){xq Pq) 


where 

(2.3) 


signg(i) 


+ if {i,i + 1) G g, 
- if (i,i - 1) G g. ■ 


Example 2.4. Let Q be the quiver on Z/6Z whose set of arrows is {{j,j + 1)}®=!- The choice graph in 
Figure 0] represents the term 




(Xi V^)(X2 V^)(X3 V 3 )iXi V 4 )(a;5 ^5 )ix6 Ve ) = 

X 3 X 2 


Pt^^x 

X4 X 5 


-1 

6 


By our construction of C and M, we have that (EH) may be written as 


k 

(2-5) W^-^ipti +Pvi) = '^M{g), 

i=l gGC 

and so it is our goal to expand the sum on the right of (I2.5F The following proposition gives us such an 
expansion. 


Proposition 2.6. We may expand (12.511 as follows: 

5n(S+i)=0 


(2.7) +P«.) = IT' 


n 




1 — 1 


( TT Pvj+i 


n <1 

i^SU(S+l) / 


Proof. Note that a choice graph has a directed 2-cycle if and only if its associated term has a factor of the 
form which is a monomial in the variables ... ,Xy^ since Xy^J^^^ divides 

and Xy^ divides Pf.^.^ ■ Also notice that no two 2-cycles may share vertices, since each vertex meets the tail 
of one and only one arrow. It follows that a choice graph may have at most [IJ 2-cycles. Finally notice that 
a 2-cycle may only exist on adjacent vertices. Now, let 6j denote the collection of subsets S of {1,..., fc} 

of size j > 1 such that ^ fl (5 -I- 1) = 0, and let 6 = Uj=i - These subsets S correspond to the “left 
endpoints” of the 2-cycles in choice graphs with j 2-cycles. 

Let C{S) be the set of all choice graphs with a 2-cycle on every pair {i,i -(- 1} for i G 5 G 6, and let Cq 
be the set of choice graphs with no 2-cycles, then we have 


( 2 . 8 ) 


£ = Cn U 


U 

v.SgSi / 


U 


U 

v.SgS2 / 


U • • • U 




Since every g G C{S) has a pair of arrows (i, i -|- 1), (i + 1, i) for every i G S, we have 


(2.9) 

We also have 


^(s) 

g6C(S) 


.iGS / 


n 

i^SU{S+l) 



^(g)=n' 

gSCo i=l 


+n 


Pv, 

^Vi+l 
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since there are precisely two choice graphs with no 2 -cycles, corresponding to a consistent choice of either -|- 
or —. We wish use (12.81) to write (12.51) as a sum with summands of the form (12.91) . Such a sum must have 
precisely one term corresponding to each member of £. However, there is a certain amount of overcounting 
involved in (12. 8 |) . since for any S € G, we have 

(2.10) C{S) C C(S' \ {i}) for every i € S. 


We therefore proceed iteratively by way of the inclusion-exclusion principle. We first include a summand 
corresponding to C{S) for every S € Gi: 

5601 geC(S) 

As ( 12 . 101 ) shows, for every S € G 2 , the summand Ti contains two terms corresponding to each element of 
C{S). Therefore, we now exclude a summand for each C{S), S' G 62 : 


t2 = t,-J2 E 

5602 g6C(5) 

Again, ( 12 . 101 ) shows us that, for every S G 63 , the summand T 2 excludes one term too many for each element 
of C'(S). We therefore define T 3 accordingly, and continue the process of inclusion and exclusion until we 
obtain 

j = l V 56©jg6C(5) / 

Finally, we must include a term of -^(s) corresponding to Cq, and we conclude that 

^M(g)= ^ M{g)+T^.^ 
gee geCo 

k k 

+p(7j=n 


k + 

pZ, 


k 

n 


p 


L#J 


Vi 


2=1 




k _|_ 


i—l “^^+1 j—1 

k 


E <-!)'+' E n 


PZi Pvi+i 


560, Vi6S*’'*+i 


n < 

,z^Su(5-l-l) 




p 


Vi 


2=1 


Xo; 


E 


l)|5|-l-l 


‘'"•-1 i=l 01 ^SC{ 1.2 .fc} 

sn( 5 -i-i )=0 


n 


PZi Pvi +1 


gg ^Vi + l Xy 


n < 

ki^SU(5+l) 


□ 


Proposition II.61 follows, since we now have 


k 

Yl^zppZi +pzj 

2=1 


E 

5n(S+i)=0 




PZi Pvi +1 


^Vi +1 


n 

i^SU(5-l-l) / 


n 


+n 


Pv, 

^'Vi +1 


E 

5n(5+i)=0 



,165 ) 


n 

i^SU(5-l-l) / 


n 



^Vi — i 


+n 



Xvij^-^ 


2 . 2 . Generators for Kq. Now, in addition to the defining polynomials yiXi — {pf +p~), ViXi — 1 given 
by the defining relations (11.111) and ()1.12l) . we have by Proposition 12.61 that the ideal of relations Kq also 
contains the cycle polynomials. We define the cycle polynomials in Z[a;i, 2 : 2 ,..., Xn, yi, 2 / 2 , • ■ ■, Z/n] to be 
those polynomials coming from vertex-minimal directed cycles whose images under tt vanish by virtue of 
(lO) . That is, for every vertex-minimal directed cycle of unfrozen vertices ui —>■ U 2 ^ Ufe ui in Q, 

we have the cycle polynomial 


E (-1)'"' 

SC{l, 2 ,...,fc} 

sn( 5 +i )=0 


(TT Pvj Pvj+l 
\i6S *”'+1 


n 2 ^-^) 

i^SU(5-l-l) / 


-n 



n 


Pvi 

^Vi+l 
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Table 1. Cycle polynomials in several examples 



Note again that this expression reduces to a polynomial in the x- and y-variables because each Xv._i_j^ divides 
and each Xy. divides In Table 1, we present the cycle polynomials given by some basic ice quivers. 


We now obtain a presentation for the ideal of relations Kq and for the initial ideal in< Kq, where < is a 
monomial order in which the y-variables are much more expensive than the a:-variables. This presentation 
will suffice to prove Theorems 11.101 and 11.151 We first require the following standard lemma. 

Lemma 2.11. Let J and L he ideals in a polynomial ring. Suppose that J C L and in< J = in< L. Then 
J = L. 


Proof. Let G be a Grobner basis for J and let f G L. Since in< G generates in< L, dividing / by G gives a 
remainder of 0, and so f G J. □ 


Theorem 2.12. Given an ice quiver Q on n vertices, the defining polynomials together with the cycle 
polynomials form a Grobner basis for Kq = kevir, where 

TT : Z[xi,X2, .■.,Xn,yi,y2, -Vn] - > I^xf^ , X^^ , ..., X^^] 

\/i, Tr{Xi)=Xi, TT{jJi)=x'i. 


Proof. Let J be the ideal of 'Z[xi,X2,... ,Xn,yi,y2, ■ ■ ■, Vn] that is generated by the set G of defining and 
cycle polynomials. We know that J C Kq, and therefore that in< J C in< Kq. Let M be the monomial 
ideal generated by the initial terms of the polynomials in G. We know that M C in< J C in< Kq, so we 
would like to show that in< Kq C M . 

Assume (for the purpose of contradiction) that there is some / G Kq such that in<(/) ^ M. We may 
write (assume all a, b and A non-zero for simplicity) 


(2.13) 


in< (/) = x"L^ ■ ■ ■ x"l^ ydf ■ ■ ■ yj' 


Note that {ji, j 2 , ■■■, ji} cannot contain the indices of a directed cycle of unfrozen vertices. Otherwise, it 
would also contain the indices of a vertex-minimal directed cycle, and in<(/) would be a multiple of the 
initial term of a cycle polynomial, contradicting the assumption that in<(/) ^ M. 


















Let Y C [n] be the indices of unfrozen vertices which are not in {ji, j 2 , and let Q' be the ice quiver 

obtained by freezing the vertices in Q indexed by V. By the preceding observation, Q' is an acyclic quiver. 
There is a natural inclusion 

£(Q) ^ £(Q') 

induced by inclusions into Z[x^^, This inclusion may be lifted to a ring homomorphism 


fj. : Z[xi,...,Xn,yi,—,yn] Z[xi,...,Xn,yi,---,yn] 

/ \ r \ f yiipf+Pt) if * e 

with the property that tt' o /i = tt, where tt' is the map 

Z[xi,X2, .■.,Xn,yi,y2, ■■■yu] —^ Z[x^^,xf^,...,x^'^] 


defined by Q' instead of Q. 

Each of the variables appearing in the initial term of / are fixed by In lower-order terms oi f, y may 
introduce monomials in x] however, this will never create a term greater than in<(/). Hence, 

in<(/) = in<(/r(/)) e in<(Li:Q/) 

Since Q' is acyclic, it was shown in [BFZ051 Corollary 1.17] that in<(i4rQ/) is generated by {xiyi \ i S [n]}. 
Hence, in<(/) is a multiple of Xiyi for some i. However, this implies that in<(/) is a multiple of the initial 
term of the ith defining polynomial in Kq, contradicting the assumption that in<(/) ^ M. 

It follows that in<(7irQ) C M. This consequently implies that in<(J) = in<(iLQ) and, by the preceding 
lemma, that J = Kq. Furthermore, since in<(G) generates in<(iFQ), the set G is a Grobner basis for Kq. □ 


3 . SiMPLiciAL Complexes and Cohen-Macaulayness 

Now that we have obtained a generating set for in< Kq, we can explicitly construct the Stanley-Reisner 
complex of in< Kq. We first consider a larger class of simplicial complexes, defined as follows: 

Definition 3.1. Let S = {1,..., n}, let be a collection {Gi,..., Ck} of subsets of 5, and let Y C S. 
Define the simplicial complex A(S', Y) on the set {xi | i e 5} U {j/i | i € H} by the rulq^ 


F e A(5,<r,y) 


Vz {xi, yi\ 2 F and Vj {yi\i^Ci 2 F- 


Since every facet of A(5', Y) is of the form {zi ,..., 2 „}, where Zi is either Xi or yi, we see that A(S', Y) 
is always a pure simplicial complex. Note that for any quiver Q on vertex set S, where is the collection 
of sets of vertices of vertex-minimal directed cycles on Q, we have by Theorem 12. 121 that 

(3.2) in<RrQ = ( a:i?/i,...,x„y„, 2 /j\, Cj C S, 

\ ieCi i&Ck / 

and the Stanley-Reisner complex of in< Kq is precisely A{S,^,S). 

Remark 3.3. Whenever {z} G there is no vertex of the form yi in the simplicial complex A{S,’^,Y). 
Such confusing notation is necessary for later induction. A vertex in A(5', Y) of the form yi will be called 
a z/-vertex. 

We now recall some definitions. Given a simplicial complex A and a vertex v of A, the link of v is the set 

linkA(n) := {F G A \ F ^ v and F U {z;} G A}, 
and the deletion of v is the set 


delA(z') ■■= {F G A \ F U {z;} ^ A}, 

where the bar denotes closure, so that delA(z') is a simplicial complex. We call a vertex z; of a simplicial 
complex A a shedding vertex of A if no face of linkA(n) is a facet of delA(zz). Finally, we recall the 
(recursive) notion of vertex-decomposability: a simplicial complex A is vertex-decomposable if it is a 


^If a subset Cj is not contained in Y , we may simply ignore the condition {yi}i£Cj 2 S, which is vacuously true because yi 
is not defined for i ^ Y. 
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simplex, or if it has a shedding vertex v such that both hnkA(w) and delA(u) are vertex-decomposable (see 
[B^ . also |BW97p . 

It is our goal to prove the following theorem, from which Theorem II .181 will follow. 

Theorem 3.4. The complex ,Y) is always homeomorphic to a vertex-decomposable {n—l)-ball, except 

when^ = 0 andY = S, in which case A{S,'^,Y) is homeomorphic to a vertex-decomposable {n—l)-sphere. 

Note that the case where = 0 and T = S' is precisely the case in which {yj}j^s is a face of A(S, Y). 
We first characterize the link and the deletion in A(S, Y) for any vertex of the form yi for i €Y. 

Proposition 3.5. For y-vertex yi in A{S,'l^,Y), we have hnkA(s,‘^,y) (r/i) = A(S*,F*), where S® := 
S \ {i}, -r® := {Cj n S, I Cj e and F® := F n S®. 

Proof. We first show Link := linkA(sx,v)(j/i) C A(S®,‘^®, F®). Since Link is a subcomplex of A(S,‘^,F), 
no face of Link contains {xj,yj} for any j, since A(S,'^,F) is defined so as never to contain any such 
face. Since no face of Link may contain either Xi or yi, we see that Link is a simplicial complex on 
{xj I j G S®} U {yj I j G F®}. Finally, were some F G Link to contain {yj}j^c} some £, then F U {yi} 
would contain {yj}j^C(:, contradicting F U [yi] G A(S, F). We now have that Link C A(S®, '^®, F®). 

We now show A(S®,'^®,F®) C Link. Consider some F G A(S®,‘^®, F®). Clearly F ^ yi, so suppose that 
FU{yi} ^ A{S, , F). Then either {xi,yi} C F\j{yi} or {yj}j^Ci Q for some The former case is 

impossible since Xi ^ S'®. The latter case implies {yj}j^cl — F, contradicting the definition of A(S®,'^®, F®). 
Therefore we must have F U {yi} G A{S, ^, F) for every face F of A(S®, '^®, F®), from which it follows that 
A(S®,'r®,F®) C Link. We conclude that A(S®,'^bF®) = Link. □ 

Proposition 3.6. For y-vertex yi in A{S,^,Y), we/lofe delA(sx,y)(yi) = A(S,F®), where Y'’ is defined 
as above. 

Proof. We first show Del := delA(s,‘ig’,v) (j/i) ^ A(S, ‘rf, F®). Since no face of Del may contain yi, we see that 
Del is a simplicial complex on {xj | j G S} U {yj \ j G F®}. Since Del is a subcomplex of A{S,^,Y), no 
face of Del contains either {xj,yj} for any j or {yj}ji^Ct for any ^. Therefore Del C A(S, F®). 

Since A(S, F®) has Xi as a vertex but not yi, we have by the definition of A(S,‘^,F®) that every 
facet of A(S,F®) contains Xi. Consider some arbitrary facet F of A(S, F®). Since Xi G F, we cannot 
have F U {yi} G A(S,F), and so F G Del. Therefore Del C A(S,'^,F®), and so we conclude that 
Del = A(S,'r,F®). □ 

We may now observe an important relationship between links and deletions that arises in our case. The 
following result shows that any vertex yi is a shedding vertex. Note that in the case where '^ = 0 and 
Y = S, every vertex yi must be a shedding vertex because its link is always empty. 

Lemma 3.7. Except in the case where '^ = 0 and Y = S, the complex A(S'®,‘^®, F®) is properly contained 
in the boundary complex 9A(S',F®). 

Proof Since A{S\^\Y^) C A(S', F®) and A{S, F®) is pure, it follows that every facet of A(S'®, -T®, F®) 

meets at least one facet of A(S','^,F®). Now we show that each facet of A(S'®,'^®,F®) meets only one 
facet of A(S,'ia ,Y'‘). Observe that the facets of dA(S,'ia ,Y'‘) are characterized as the codimension 1 faces 
{zj}j^k, k G {1,... ,n}, where each Zj is either Xj or yj, such that exactly one of either {zj}j^k U {xk} or 
{zj}j^k 0 {yk} lies in A(S', F®). Every facet of A(5'®, '^®, F®) is of the form {zj}j^i, and it always happens 

that {zj}j^i\J{xi} G A{S,^,Y^) and {zj}j^^U{y^} i A{S,^,Y^). Therefore A(S'®,'^®,Fp C dA{S,'^,Y^). 

We now must show that this containment is proper. We have two cases. Either {yj}j^i is a face of 
A(S',‘^,F®) or it is not. If it is, then it must lie on i9A(S',F®), because {yj}j^i U {xi} is a face of 
A{S, F®), while {yj}j^i U {yi} is not a face of A{S, F®) since either ^ 0 or Y S. If {yj}j^i is not 

a face of A(S',‘^,F®), then there must be some C not containing i such that no other member of is 
a subset of C. Then, for any k G C, we have that F = {xj}j^c U {yj}jeC'^{k} is a face of A(S',‘^,F®). This 
face F lies on i9A(S',F®), since FU{a:fc} G A(S',F®) but F U {yk} ^ A(5',F®). Since both {yj}j^i 
and F contain Xi, neither is a face of A(S'®,‘^®, F®). Therefore there is always an element of dA{S,^,Y^) 
that is not in A(S'®,‘^®, F®), and so the containment A(S'®,‘^®, F®) C dA{S,‘t^,Y^) is proper. □ 
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By the previous lemma and the remarks above, we see that every is vertex-decomposable, 

because the y-vertices are always shedding vertices, and any complex without y-vertices is a simplex. The 
remainder of the proof is to strengthen this argument to prove that these simplicial complexes are balls or 
spheres, as appropriate. 

Proof of Theorem First, we prove that A{S,'^,Y) is a vertex-decomposable (n — l)-ball when Y ^ S 
or ^ 0, by induction on the number of y-vertices. 

If there are no y-vertices in A{S, Y) (that is, {i} e for all i €Y), then A{S, Y) is just one simplex 
on n vertices, which is homeomorphic to an (n — l)-ball. Assume the inductive hypothesis holds whenever 
there are fewer than m y-vertices, and assume that AiS,"^,Y) has m-many y-vertices. Choose a vertex y, 
in A(5,^,r), and define 

Link := linkA(sx.y)(l/i) = and Del := delA(s.«’,v)(j/») = A(S',^,y*) 

We observe that both Link and Del satisfy the inductive hypothesis; this is clear when Y ^ S. If T = S', 
then by assumption ^ 0. Since yi is a vertex of A(S,F), we also know that {f} ^ It follows 
that ^ 0, and so Link still satisfies the inductive hypothesis. Therefore, Link is a vertex-decomposable 
(n — 2)-ball and Del is a vertex-decomposable (n — l)-ball. 

As a consequence, the cone Cone from y^ on linkA(sx,F)(2/i) is a vertex-decomposable (n — l)-ball. By 
Lemma 13.71 Cone and Del meet at the proper subset Link of SDel, which is a vertex-decomposable (n — 2)- 
ball. Therefore, A{S,^,Y) = Cone U Del is a vertex-decomposable (n — l)-ball, completing the induction. 

The remaining case is A(S', 0, S). Consider the mapping {xi,..., Xn, yi, ■ ■ ■, Vn} —^ R" given by Xi i—>■ 
and yi i—>■ —e^, where {ei,..., Cn} is the standard basis for R". This mapping induces a bijection between the 
faces of A{S, 0, S) and the faces of the cross-polytope (i.e. orthoplex) on the vertices {ei,..., e„, —Ci,..., —e„}. 
Since this figure is homeomorphic to an (n — l)-sphere, so must be A(S', 0, S). □ 

As noted, by Theorem 12.121 we have that the initial ideal of any lower bound ideal is of the form (13.21) . 
Therefore, by Theorem 13.41 the Stanley-Reisner complex of the initial ideal of any lower bound ideal is 
homeomorphic to either a ball or a sphere. It follows that all lower bound algebras over a field are Cohen- 
Macaulay, and so Theorem II. 181 holds. 

4. Normality of lower bound algebras 

In this section, we prove that all lower bound algebras defined from a quiver are normal. As explained in 
the introduction, the case where Q is acyclic follows immediately because £(Q) is equal to its upper cluster 
algebra, and is therefore normal. So, for the remainder of the section, we assume that Q contains a cycle. 
In this case, our proof of normality relies on a very slight adaptation of |KLS141 Proposition 8.1]. 

Proposition 4.1. (cf. [KLS141 Proposition 8.1] 1 Fix a monomial order < on the polynomial ring M\zi,Zn\. 
Let X, and Yi,... ,Yr be (reduced and irreducible) closed affine subvarieties o/A", where each ofYi,... ,Yr 
are codimension-1 in X. Assume that, with respect to the term order <, each of X and Yi,... ,Yr Grobner 
degenerate to Stanley-Reisner schemes. Then, if 

(i) the Stanley-Reisner complex of in< X is a simplicial ball; 

(ii) the Stanley-Reisner complex of each in< Yi lies entirely on the boundary sphere dAx; and 
(hi) X \ (Yi LIY 2 LI • ■ ■ LiYr) is normal, 

then X is normal. 

We need the following standard result to prove this proposition. It is very similar to [BC031 Proposition 
3.1 (b)]; we provide the necessary modifications in the proof below. 

Lemma 4.2. Fix a monomial order < on the polynomial ring S '.= IIC[ 2 ;i,..., Zn\. Let X and Y be irreducible 
affine subvarieties o/A", and assume that Y is codimension-1 in X. Then if in<:X is generically regular 
along each irreducible component of in<Y then X is generically regular along Y. 

Proof. Let X = V(/) and Y = V(J) for L,JC Kjzi ,... ,Zn]. Pick a weight vector A such that m\L = in</ 
and in^J = in<J. Let / = where each Oi € K, and each mi is a monomial. Let homA(/) denote 

the A-homogenization of / inside S[t], that is, 

homA(/) 
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where A(/) denotes the highest A-weight of any monomial in /, and Xirrii) is the A-weight of the monomial mi. 
Let hom.\I denote the A-homogenization of the ideal I, that is, hom^/ := (homA(/) | / G /). It is a standard 
fact that A := ^[tJ/homA/ is a free K[t]-module and that A/{t) = S/inxI (see eg. [BC031 Proposition 2.4] 
or [Eis95l Theorem 15.17]). 

Now, by assumption, in<Af is generically regular along each irreducible component of in<T. That is, the 
localization of S'/in</ at any minimal prime of in< J is a regular local ring. Thus, by the above facts, we 
have that the localization of A/(t) at any minimal prime of (homAT + (t)) is a regular local ring. 

Observe that A is positively graded. Let m denote the maximal ideal generated by the indeterminates 
zi,Zn,tj Slid let denote the localization at m. Because A/{t) localized at any minimal prime p of 
(homA J + (t)) is regular, so too is Am/{t) localized at any non-trivial Amp, and the non-trivial Amp are 
precisely the minimal primes of (homA J + (t)) as an ideal in Am/(t). 

Now we can use the proof of |BC03l Lemma 3.2] to get that the localization of Am at the height-1 prime 
ideal homAJ is regular. The second half of the proof of |BC03[ Proposition 3.1 (b)] then gives that the 
localization of S/I at J is regular. □ 

We now prove ProDOsition l4.ll 

Proof of Proposition EH We follow the proof given in [KLS14[ Proposition 8.1]. To show that X is normal, 
we need to show that X is R1 and S2. Since Ax is a simplicial ball by assumption (i), it follows that X is 
Cohen-Macaulay, and hence S2. To show that X is Rl, first observe that, by assumption (iii), if p C S/I is 
a prime ideal of height < 1 which is not the generic point of any Yi, then {S/I)p is regular. 

The remaining primes in S/I which have height < 1 are the generic points of the various Yi Q X. It 
therefore remains to show that X is generically regular along each irreducible subvariety Yi . By assumption 
(ii), we have that in<A is generically regular along each irreducible component of each in<li. Thus, by the 
lemma, we get that X is generically regular along Yi. □ 

To use Proposition 14.11 to prove that all lower bound algebras are normal, we need to show that the 
hypotheses (ii) and (iii) always hold for quivers with cycles. We start with (ii). To show the desired result, 
we use results of Knutson from IKnuObl^ . 

Theorem 4.3. (cf. Theorem 2, Lemma 6, Corollary 2 of [Knu09| ) Let f G Z[zi, ..., Zn] he a polynomial 
with the property that, for each prime p, fP~^{mod p) has a unique term divisible by z^~ ' ‘ ’ 

let < be a term order of Z[zi, ... , Zn] for which in^f = ziz^ ■ ■ ■ Zn- Denote by J the smallest set of ideals 
that contains the ideal (/) and such that 

(i) if Ii,l 2 G J, then Ii + hjh Ch € J; and 

(ii) if I & J and J is a primary component of I then J € J. 

Then, over any field K, every ideal J £ is a radical ideal and the initial ideal of every J £ fj with respect 
to < is a squarefree monomial ideal. Furthermore, for any Ii and I 2 in J, 

m<(/i n I 2 ) = m</i n m</ 2 , and m<(/i -I- I 2 ) = ot</i + m</ 2 . 

We will make use of this theorem in the case where / = Y\//^i{xiyi — pf — p~). Here we take < to be 
a weighting of the variables where the y-variables are much more expensive than the ^-variables. Observe 
that / and < satisfy the assumptions of Theorem 14.31 and the ideal 

Iq ■■= {xiVi -pf -p 7 \ ^<'i<n). 

lies in the collection of ideals from the theorem. Consequently I is radical. We may then write an 
irredundant prime decomposition 

(4.4) /q = Kq n Pi n ■ • ■ n 

where each P^ is a minimal prime, and Kq is the lower bound ideal |BMRSl31 Lemma 5.7]. Consequently, 
each Pi + Kq G J and so each Pi -|- Kq is radical and degenerates to a squarefree monomial ideal. 


®The statement given here is less general than the one that appears in IKnuOQI Theorem 2] and IKnuOQI Lemma 6]. We also 
change the hypotheses of IKnu09l Theorem 2], however, this is harmless as the proof goes through in the exact same way. 
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Proposition 4.5. Let Q be a quiver with a directed cycle, so that there is at least one prime Pi in (14.41) . 
With respect to a term order where the y-variables are much more expensive than the x-variables, each prime 
component of Pi + Kq Grobner degenerates to the Stanley-Reisner ideal of a sub-simplicial complex of OAkq ■ 
Furthermore, m<((Pi fl ■ • • D Pr) + Kq) is the Stanley-Reisner ideal of the entire boundary BAkq- 

Proof. By Theorem 14.31 we have that Pi + Kq is radical and Grobner degenerates to a squarefree monomial 
ideal. Let 

Kq -\- Pi = CijJ 

be a decomposition of Kq + Pi into minimal primes. By Theorem 14.31 each in< J is a squarefree monomial 
ideal. Applying the second part of Theorem 14.31 and translating into the language of simplicial complexes 
yields the equality 

= ‘^Kq n Ap. = UjAj 

where Aj denotes the Stanley-Reisner complex in< J. To prove the first claim of the proposition, we must 
show that every face of each Aj is contained in the boundary sphere of the simplicial ball Akq- So, suppose 
otherwise, and let A be a face of some Aj which is not contained in the boundary dAxQ- Assume that F is 
a maximal such face. We claim that F must be a facet of Ap.. 

To prove this claim, we first apply Theorem 14.31 to the prime decomposition in equation (14.41) to get 

(4.6) in<J = in<(A'Q) D in<(Pi) D • ■ • D in<(Pr) 

which, after translating into the language of simplicial complexes, says that Akq and every Ap. is contained 
in the Stanley-Reisner complex associated to in</ = {xiPi \ 1 < i < n), which can be geometrically realized 
as the (n — l)-dimensional boundary sphere of a cross-polytope on 2n vertices. Decompose this simplicial 
sphere into the union of two (n — l)-dimensional simplicial balls: 

A/ = Akq U C, where C := A/ \ Akq- 

Observe that, by construction, Akq D C is the boundary sphere of Akq- 

Now, suppose that F is not a facet of Ap.. Then there is a vertex z such that F U {z} is a face of Ap.. 
Then, using the decomposition of A/, we see that either F U {z} is contained in Akq, or it is contained in 
C. If F U {z} C Akq, we contradict the maximality of F. If F U {z} € C, we contradict that F was not 
contained in the boundary of Akq (since Akq and C only intersect along the boundary of Akq). 

Thus, our maximal face F must be a facet of Ap^, which, since Pi is prime, must have dimension one less 
than the dimension dim(S'/Fi). But this is not possible because dim(5'/J) is strictly smaller than dim(5'/Fi). 

To obtain the last statement, we translate equality (14.61) into the language of simplicial complexes to see 
that the union Ut^;^Ap. necessarily contains the boundary sphere OAkq- Thus, so does 

A(Pin---nP,)+KQ) = A(Pjn...nP,) G Akq = U)’^i(Ap, n Ap-g). 

But, as already shown, each Ap^ n Akq is contained inside of the boundary sphere of Akq and so we are 
done. □ 

We next show that (hi) of Proposition 14.II holds for lower bound algebras. 

Proposition 4.7. LetY{KQ) denote the lower bound variety of a quiver Q. F/ien V(FQ)\V(FinF 2 n-•-nFr) 
is norma^. 

Proof. Consider q G Y{Kq), and define the (possibly empty) set 

Sq := {i G {1, 2,..., n} \ Xt{q) = 0} 

The vertices indexed by Sq must be unfrozen, since frozen cc-variables are invertible. 

First, assume Sq does not contain a directed cycle, and consider the open set 

Uq := {q' G V(Fq) I W ^ Sq, x,{q) ^ 0} 

The coordinate ring of Uq is the localization of F(Q) at the set of a:-variables which are not in Sq; hence, 
it is isomorphic to the lower bound algebra of the ice quiver Ql obtained by freezing the vertices not in Sq. 
This ice quiver is acyclic, and so the lower bound algebra coincides with the upper cluster algebra [BFZ05| . 
which is normal |Mull3) . Hence, Y{Kq) is normal at q. 

®We note that V(Pi n P2 n • ■ ■ PI Pr) is empty when Q is acyclic. 
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Next, assume Sq contains a directed cycle, and consider the affine space 

Wq := {q' G K^” I Vi, Xi{q') = Xi{q), and Vi ^ Sq, yi{q') = yi{q)} 

This contains q and is contained in V(iVQnPin- • -nPr)- Since Sq contains a directed cycle, there is some cycle 
polynomial whose leading term is a product of y-variables whose indices are contained in Sq, and hence cannot 
vanish on Wg. Hence, Wg ^ V{Kq). By the irreducibility of Wg, we have that q G Wq C V(Pi fl • • • fl Pr), 
and so q ^ Y{Kq) \ V(Pi fl • • • fl Pr). □ 

We can now prove that all lower bound algebras are normal. 

Proof of Theorem \1.21[ We have already treated the case when Q is acyclic (i.e. £(Q) equals its associated 
upper cluster algebra, and is hence normal). So assume that Q contains a cycle. Let Kq be the relevant 
lower bound ideal, and let Pi,..., Pr- C S' be minimal primes of ~ pt ~ p7 I 1 ^ ^ such that 

(xij/i -pf -p~ \ 1 < i < n) = Kq n Pi n ■ ■ ■ n Pr- 

Now apply Proposition 14.11 with X = Y{Kq), and Yi,...,Ys the irreducible components of the various 
V(Pj PiGg), 1 < j < r. Observe that item (i) of Proposition Iffill follows from Theorem II. 181 item (ii) follows 
from Proposition and item (hi) holds by Proposition 021 n 

Appendix A. The singular locus of £(Q) 

The Cohen-Macaulayness and normality of £(Q) may both be regarded as constraints on the singularities 
of the variety Y{Kq). It is then natural to directly consider the singularities of Y{Kq). This appendix 
provides an example to demonstrate that, even in the most elementary cases, even the existence of singular¬ 
ities in Y{Kq) can be difficult to predict, suggesting a direct study of of the singularities of Y{Kq) may be 
daunting. 

Fix an algebraically closed field K. Let Q„ denote the ice quiver with vertex set {1,2, ...,n}, an arrow 
from i to j + 1 for each 1 <i < n, and no frozen vertices (see Figure [SJ. 

(D-<D-<D—.—^ 


Figure 5. The quiver Q„ 


Proposition A.l. The ]K.-variety Y{Kq^) has a unique singular point when n = 3 {mod 4), and no singu¬ 
larities otherwise. 

Proof. Since there are no directed cycles, we have the following presentation of £(Q„). 

£(Q„) = IK[xi, ...,Xn,yi, ..,yn]/{yiXl - X2 - 1, 2/2X2 - X3 - Xi,...,yn-lXn-l “ X„ - X„_2,2/nX„ - 1 - X„_i) 

Let p G Y{Kq^). First, we observe that Xi{p) and Xi+i{p) cannot both be zero. This is clear for z = 1 from 
the defining relation for yi, and the general case follows by induction on i. 

The point p is singular if and only if the associated Jacobian matrix JaCp has rank less than n. 

/ 2/i(p) -1 0 0 xi(p) 0 0 0 \ 

-1 2/2(p) -1 0 0 X2(p) 0 0 

j _ 0 -1 ysip) -1 ••• 0 0 xsip) 0 

0 0 — 1 2/4(4') ■ ■ ■ 0 0 0 X4(p) 

V ; : / 

Equivalently, p is singular if and only if there is a non-trivial linear relation among the rows of JaCp. Clearly, 
such a relation can only include the zth row if Xi{p) = 0; hence, such a relation can only involve non-adjacent 
rows of JaCp. This is only possible when n is odd and when Xi{p) = yi{p) = 0 for every odd i; furthermore, 
the relation (up to scaling) must be that the alternating sum of the odd rows of JaCp is 0. 
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Returning to the defining relations, the condition that Xi{p) = 0 for all odd i is only possible when n 
is congruent to 3 mod 4, in which case X 2 j{p) = (—1)'^- Since these are non-zero, it follows that y 2 i{p) = 
— Q_ Consequently, when n = 3 (mod 4), the unique singular point is given by 


Vi e {l,2,...,n}, Xi{p) 


0 if i is odd 
(—1)5 if i is even 


y^{p) = 0 


If n ^ 3 (mod 4), there is no singular point. 


□ 


The family of algebras £(Qn) is one of the most fundamental and elementary in the theory of cluster 
algebras; in this case, the lower bound £(Qn) coincides with the cluster algebra of Dynkin-type An- This 
and other simple examples suggest that that presence of singularities in Y{Kq) is difficult to predict, and is 
very sensitive to small changes in the quiver Q. 


Appendix B. Skew-symmetrizable lower bound cluster algebras 


The body of this paper considered lower bound cluster algebras defined by ice quivers, also called skew- 
symmetric lower bound cluster algebras. However, the proofs and results can be extended to the larger 
generality of skew-symmetrizable lower bound cluster algebras^^ This appendix outlines the necessary modi¬ 
fications. A skew-symmetrizable lower bound algebra is defined by a exchange matrix B: an n x m integer 
matrix (for n > m) such that there is an m x m diagonal matrix D with the property that the top m x m 
minor of BD is skew-symmetric. 

To each index i G {1, 2,..., m}, we associate a pair of monomials pf ,pi[ S 'L[xi,X 2 , ■■■, Xn] as follows. 

(B.i) p+:= n p---= n 


Each index then determines a Laurent polynomial x', called the adjacent cluster variable at i, which is 
defined by the following formulaF^ 

/Ro', f ^i\pt+ p7 ) if i e {l,2,...,m} 1 

' *1 if i G {m -I- 1, m -I- 2,..., n} J 

The lower bound algebra £(B) defined by B is the subalgebra of ..., x^^\ generated by the variables 

X\,X 2 , ■■■,Xn and the adjacent cluster variables x^, X 2 ,..., x(j. 


Example B.3. Consider the following 3x2 matrix B, which is skew-symmetrizable with the given D. 

0 3 



The three adjacent cluster variables are below. 

, X3 -I- x| 

Xi = -, 

Xi 


D := 


xfx| -I- 1 
X2 


Xo = Xo ^ 


To translate prior results into the generality of exchange matrices, we associate an ice quiver Q(B) to B. 
The vertex set of Q(B) is the set {1, 2,..., n}, the frozen vertex set is {m -|- 1, m -I- 2,..., n}, and there is an 
arrow from i to j if Bji > 0 or B^- < 0 (and no other arrows). The lower bound algebra /1(B) is not the 
lower bound algebra of the ice quiver Q(B); the arrows in Q(B) only keep track of the sign of entries in B. 
The results and proof in this paper hold verbatim for /1(B), using Q(B) in place of Q, for two key reasons. 

• Our arguments never use the specific exponent of the monomials pf", rather, we only need to know 
if a variable Xj divides pf, which corresponds to the existence of an arrow in Q(B). 

• When Q(B) is acyclic, the presentation of /1(B) given in [BFZ051 Corollary 1.17] and used in the 
proof of Theorem II. 151 is still valid in the larger generality of skew-symmetrizable cluster algebras. 


remark that we still work in geometric type, rather than more exotic semifield coordinates. 

^^The same apology is due as before. When i > m, the element x' is not technically a cluster variable, but treating it as 
one streamlines the process. 
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Remark B.4. The body of the paper is not in this larger generality for reasons of clarity and exposition, 
rather than any mathematical limitations. 
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